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We give a simple proof for the non-existence of finite action, instanton-like Euclidean
field configurations with fractional topological number in 4-dimensional, SU(2) Yang-
Mills theory.

1. Introduction

The topology of gauge field configurations [1] has important consequences in
the quantization of the theory [2,3]. It 1s normally assumed that topological num-
bers are integers, although some proposals concerning the possible relevance of frac-
tional topological numbers have been made [4—6].

It was proved, by means of the Atiyah-Singer theorem [7], that, if the fields are
compactifiable, the topological number is necessarily an integer [8]. The compacti-
fication method, described in [9], requires a regulanty condition on the fields at
infinity, which is not identical to one obtamed from the more physical requirement
that the action should be finite In two-dimensional quantum electrodynamics
(Schwinger model [10]), finite action half-integer field configurations do play an
mmportant role [4,5] in the confining aspects of this model. It is, therefore, worth-
while to understand in more detail, to what extend does the finite action require-
ment preclude the existence of a fractional topological number in four-dimensional
SU(2) gauge theory.

In this note, in sect. 2, we will consider one-valued field configurations which
tend asymptotically to a singular gauge transformation and carry a fractional topo-
logical number **. In sect. 3, we give a general proof that those configurations

* Partially supported by CAPES and Brazilian Research Council.
** The multivalued configurations of ref. [11] do not seem appropriate in the simply connected
Euclidean space-time.
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have necessarily infinite action, thereby exhibiting the basic clash between finiteness
of action and non-integer topological numbers.
We will always work in a Euclidean space-time.

2. Non-integer topological number

Since it is a prerequisite for having finite action, we will only consider field con-
figurations which are pure gauge at infinity i. e.

Ay, —g'38=T,, (2.1)

xX—roo

where g(x) are the gauge-group (SU(2)) matrices.
It is well known [1], that when
X4 —IX-0

g(x)=g1(x)= \/x2—+—;5 ’

the topological number 1s one. It also follows from [1], that 1f g(x) 1s regular on a
big sphere, the topological number 1s always an integer. There 1s, however, a priori
no reason why we should not consider singular (say at the south pole) gauge trans-
formations provided we can guarantee local integrability of the action density. In
the Schwinger model, for instance, the finite action half-integer configuration of
[5], has its asypmtotic behaviour controlled by the singular gauge transformation

&1/2(x) = exp(i9/2) , (2.3)

with ¢ the polar angle, 0 < ¢ < 27, whereas the analog of (2.2) 1s given by the reg-
ular (outside of the origin) gauge transformation

gix)=e'?. (2.4)

By rewriting (2.2) as

(2.2)

£1(x) = exp(—xx - 0) (2.5)

with
. X
x3=Rcosy, x|=R sy, x=l——|,
x

one can, 1n perfect analogy to the two-dimensional case, introduce
8d(x) = exp(—axx - of|x]) = [g,(x)]* . (26)

The topological quantum number of a regular field configuration, whose asymptotic
behaviour is given by (2.1) with g given by g, in (2.6), can be computed from

s n 27

q= L Trf dxfdef do /¥ T2TOTE | (2.7)
0 0

T 24n?
0
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where
T‘11=g:llaiga s i= X> 67 ¢ B (28)

€X0¢ =1 R

and x, 0, ¢ are the angular coordinates in four dimensions.
Using (2.8), one readily finds
Tr ?*Te T{ T%= — 12a sin®ay sin 6
and with (2.7)
sin 2na

q=a— o (2.9)

Whenever « is an integer or half-integer, we have ¢ equal to 4. It is amusing to
know that only in those cases we have additivity of the topological number.

To summarnize, we have exhibited configurations with an arbitrary, not necessa-
rily integer, topological number.

3. Infiniteness of action

In this section we shall prove that the action is infinite if the topological number
1s non-integer.
Writing the Yang-Mills field action

S= =4 Tr [FuF,, d*x

is spherical coordinates, one finds [12]

s ™ 27 Sad
F2 2 2
s==Te [ox [ao [ o [ R Rx, T Fre
0 b o o R* R?sin®x R?sin’y sin’6

F2, F2 F}
4 X + x¢ 99 :l 32
R*sin?x  R* sin?ysin?0  R? sin*y sin?0 R*sin*xsinf G.D
where
Fuv=auAv_avAu+[Au>Av] » wv=x,0,¢0,R (3.2)

is the field intensity tensor in spherical coordinates.
Let us consider field potentials of the form

Au=F(R, X) 8408, = F(R, %) T}y (3.3)

with f a general function, chosen to satisfy

f00,=0, (3.42)
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fR,m)=0, (3.4b)
flee,)=1, X#m. (3.4¢)

Condition (3.4a) ensures that the potential is regular at the origin. In order to
compensate for the singularity of g, (for non-integer a’s) on the x = 7 semiaxis, we
have to impose condition (3.4b). Finally, condition (3.4¢) is necessary to have the
potential behaving asymptotically as pure gauge.

With the above conditions, it 1s always possible to have the action density locally
integrable.

As we showed in the last section, the regular instanton-like field configuration
(3.3) has a topological number given by (2.9).

Consider now the 2nd, 3rd and 6th terms of the action, respectively

A=—Tr | FjsR sin 0 dx do d¢ dR , (3.5a)
Fke
=— 0 d 3.5b
TrfsineRdxd $dR, (3.5b)
Fb
= ———— dx df dR . 3.5
¢ Tr f R sin?y sind x d6 dg (3.5¢)

Inserting (3.3) into (3.2) and using the following properties of 1%,

2 .
Ty = —a?, T$= — sin’ay, T3*= — sin%ax sn?0 ,

{r1t=0, i#j,

we get (for details cf. [12])

" -
A=B=8n [ dysin’ax [ drR[8r1?. (3.6)
0 1]
~ sin®ay S —f]?
C=32nm dx . 3.7
of sin?y f R dR G.7)
Calling
b= [ R[3xf1* dR (.8)
4]

© oy 12
o= [ V—R—’j—dR, (3.9)
0
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we find, by Schwartz inequality

b0 RO>1 [ @rNU? —F1 R . (3.10)
0
Introducing a new integration variable v = f, we get, for x # 7
1
BOORCO =1 [ 02 —v) dvP =5 . (3.11)
0

Noting that b(x) and h(x) are positive semidefinite, we obtamn, applying Schwartz
inequality once more

n

m
AC = BC = 256m? f sin2axb(x) dx f
0 0

X
7 h(x) dx

sin*a
sin

T ind
> 2567 | [ Sslm—a):‘\/b(x)h(x) dx!?
0

By virtue of (3.11), we get

™

03
sin’g

f sinXdX

o X

We see, therefore, that with a non-integer topological number, either C or 4 and
B will have to diverge, so that the action will always be infinite.

64n?
AC=BC>-9—”

2 { o 1f g is non-integer
f)

mnite if a 1s integer

4. Conclusion

We have seen that instanton-like configurations that carry a non-integer topolog-
1cal number have necessarily infinite action. Cancelation of divergences, 1n differ-
ent terms of the action is impossible since they are all positive definite.

The choice (3.3) with (3.4) makes the action density locally integrable. The diver-
gence of the action appears only after the integration is carried out over whole
space-time.

A more general (6 and ¢) functional dependence of the function f, introduced in
sect. 3, although not necessary to make the action density locally integrable, would
be introduced without changing our results.

Although we have not considered the most general configuration with a non-inte-
ger topological number, we believe that our considerations exhibit the basic clash
between finiteness of action and non-integrality of the topological charge.
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Since we have considered pure Yang-Mills theory, we can not a priori exclude
the possibility envisaged in [13], that the effective action, obtained after integration
of the fermion variables, in a theory of quarks interacting with gluons, could be
finite for non-integer topological charge.

One of us (E.C.M.) thanks the financial support of CAPES, and of the Brazilian
Research Council. We are grateful to K.D. Rothe for helpful conversations.
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